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ABSTRACT 
In this note, we construct generalized Shioda-Inose structures on K3 surfaces using cyclic covers 
and almost functoriality of Shioda-Inose structures with respect to normal subgroups of a given 
group of symplectic automorphisms. 
This work concerns algebraic K3 surfaces X admitting a finite group of sym- 
plectic automorphisms G such that the quotient X/G is birational to a gen- 
eralized Kummer surface &. Equivalently, we are interested in K3 surfaces 
which appear as rational Galois covers of generalized Kummer surfaces, with 
the same Galois group G which acts on an abelian surface A to give rise to AG. 
The interest in such group actions, called Shiodu-Inose structures throughout 
the paper, stems mainly from the interplay between the K3 surface X and the 
abelian surface A, obtained from the given structure. The classical case corre- 
sponding to G = 22 was discovered by Shioda and Inose ([S-I]) and its appli- 
cation to arithmetic of singular K3 surfaces illustrates an effective exploitation 
of this interplay. 
In the general case, comparing the list of finite groups acting symplectically 
on K3 surfaces ([Mu] or [Xl, Table 2) with the list of groups giving rise to gen- 
eralized Kummer surfaces ([K]), one sees that a group G which gives rise to a 
Shioda-Inose structure is isomorphic to one of the cyclic groups Zk, k = 
2,3,4,6, the binary dihedral groups Qs, Qiz or the binary tetrahedral group 
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T24. For G = Z2, X has Picard number p 2 17 ([MO]) whereas for the other 
cases one has p > 19 ([G-S]). W e note that in ([d-s]) some properties of these 
structures were studied without giving any existence results. 
In this note, we address the problem of existence for generalized Shioda- 
Inose structures (ie. G # Z,). For G = Zs, we construct X using a suitable triple 
cover of a surface obtained by blowing up some points on Az,. To show ex- 
istence of X for G = Z4 and G = Qs we use successive quotients of A by suitable 
22 actions, together with the existence of K3 surfaces admitting classical 
Shioda-Inose structures induced from A. For G = Zg, Qi2 and T24 we deduce 
the existence of generalized Shioda-Inose structures from the existence results 
already proved, again by taking successive quotients using suitable normal 
subgroups of G. 
Throughout the paper we will consider only algebraic K3 surfaces over C. 
Our notation will be as follows: 
A (resp. X) denotes an abelian (resp. an algebraic K3) surface. 
Ao is the Kummer surface constructed from A/G for a suitable finite group G. 
Kx (resp. K,J denotes the canonical class of X (res. A). 
p(X) is the Picard number of X. 
]G] denotes the order of the group G. 
We begin with giving a precise definition of Shioda-Inose structures on K3 
surfaces. For this, we first recall that a generalized Kummer surface AG is a K3 
surface which is the minimal resolution of the quotient A/G of an abelian sur- 
face A by some finite group G ([K], Definition 2.1). 
Definition 1. A K3 surface X admits a Shioda-Inose structure with group G if 
G acts on X symplectically and the quotient X/G is birational to a generalized 
Kummer surface AG. 
Proposition 2. For G = Z3, any generalized Kummer surface AG admits some K3 
surface X as a rational cover of degree 3 inducing a generalized Shioda-Inose 
structure with group Z3 on X 
Proof. On AG we have nine A2 configurations Ei,i + Ei,2, i = 1,. . . ,9 corre- 
sponding to the resolution of the nine singular points of A/G. We take six of 
these,sayi= l,... ,6andblowupthepointspi=Ei,lnEi,z,i=1,...,6toget 
wi:Y+Ao.Foreachi=l,... 
where E., 2 = -3. 
,6 and j = 1,2 we have r;(Ei,j) = Ei,j + Ei 
Next, ‘we construct a cyclic cover 7~2 : X’ -+ Y of degree 3 which ramifies 
precisely over D = Ci,j (Ei,j). TO do this we apply ([Ml, Proposition 7.1) with 
L = M = O(D) and we take b E H”( Y, L2 18 AC’) to be the section with D as 
the divisor of zeros and c E H”( Y, L-’ @ M2) any nonzero constant. Then the 
corresponding Galois triple cover X’ + Y ramifies totally over D with branch 
locus 20 ([Ml, Proposition 7.4 (b)) and X’ is smooth ([Ml, Proposition 7.4 (d)). 
On X’, for each i we have ET=, Ei,j + l?i lying over ET= 1 Ei,j + Ei such 
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that r;(Ei,j) = 3Ei,j and x;(Ei) = Ei where l?i + Ei is a covering of degree 3 
ramifying at exactly two points. Hence we have g(Ei) = 0 and Fzj = -1, 
Ef = -3. Therefore we can blow down first ki,j, j = 1,2 and then Ei to get a 
smooth surface X. 
We claim that X is a K3 surface. To see this we first compute KX. As KAG is 
trivial, using the composite map 7~ o 7r2 : X’ + Ac we get 
On the other hand, using the blow down 4 : X’ -+ X we obtain 
KX’ = 4*(KX) @ OX/( f: ((ii.1 + Ei,2) + ii)). 
i=l 
Comparing these two results, we see that $*(Kx) is trivial and since 
4 * : Pit(X) -+ Pic(X’) is injective, it follows that KX is trivial. Since X contains 
rational curves (18 rational curves as triple covers of the remaining three A2 
configurations on A& X can not be an abelian surface and therefore is a K3 
surface. Clearly, we have a cyclic unramified covering map X - {six points} + 
Ac - {six A2 configurations} of degree 3, &d this completes the proof of the 
proposition. 0. 
Remark. Contrary to the classical case, the cover X’ in the proof of the pro- 
position can not be constructed inside the total space of a line bundle over Y. In 
fact if X’ were to lie in a line bundle over Y, then blowing down the (-3)-curves 
on X’ we would obtain a triple cover X” of the Kummer surface & lying in the 
total space of some line bundle over & (because Pic( Y) = r;Pic(&))$ 
(@ZEi)). This, on the other hand, is impossible because the singularities on X” 
are not double points and therefore can not be realized as hypersurface singu- 
larities. 
The elementary observation stated in the next proposition (compare to 
Proposition 8.10 in [Mu]) will be crucial in the rest of the paper, especially in 
proving the existence of Shioda-Inose structures for G = Zg, Q12, T24. 
Proposition 3. Let A be an abelian surface with G c Aut(A) such that AG is a 
generalized Kummer surface and X be a K3 surface admitting a Shioda-lnose 
structure with group Hfor some H Q G, inducedfrom A. Then Xadmits a group of 
6 of symplectic automorphisms such that H 4 G, G/H cs G/H and the minimal 
resolution of X/G is Ao. 
Proof. Let A’ = A - S where S is the finite set of fixed points of G acting on A. 
As H Q G, we have a sequence of etale covers A’ -+ Y -+ A’/G with covering 
groups H and G/H respectively. Since Y z A’/H is the complement of the fi- 
nite set of singular points on A/H, the covering transformations of Y -t A’/G 
extend to automorphisms of the Kummer surface AH, by the minimality of this 
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surface. That is, AH admits a G/H action and the quotient has AG as minimal 
resolution. 
With this observation at hand, using the hypothesis on X we get a rational 
Galois cover X + AG as the composite of the rational covers X t AH, AH + 
AG. The corresponding covering transformations being defined outside a finite 
number of points on X, extend to automorphisms of X to give a group 
G c Aut(X) of order IGI. Using the covering arrows, we get HQ G, 6/H E 
COV(AH/AG) % G/H. q 
Applying this proposition together with the detailed structure of groups acting 
symplectically on K3 surfaces, we obtain existence of Shioda-Inose structures 
for G = Z6, (212. G = T24 case will be treated at the end of the paper. 
Corollary 4. There exist K3 surfaces admitting Shioda-Znose structures with 
group &i. 
Proof. We take an abelian surface A which admits a group G ? 26 as a group 
of automorphisms with quotient giving rise to a generalized Kummer surface. 
As G is cyclic, we may assume that G is a group of automorphisms of A as an 
abelian variety. Then it follows from ([K], Lemma 3.5) that the involution 2 E G. 
Therefore, we can apply Proposition 3 with H = (2) 4 G, to any K3 surface X 
admitting a classical Shioda-Inose structure induced from A. As G is of order 6 
and has a normal subgroup of order 2, it follows that G = Zg. 0 
Corollary 5. There exist Shioda-Znose structures with group Q12. 
Proof. We take an abelian surface A with G = Qr2 action to give AG. By Prop- 
osition 2, we have X admitting Shioda-Inose structure with group H = Z3 in- 
duced from A. Now we apply Proposition 3, to get symplectic G action on X 
with X/G birational to A G. As IGl = 12 and 23 Q G with G/Z3 z G/Z3 E ZJ, it 
follows from the list of groups of order 12 acting symplectically on K3 surfaces 
([Xl, p. 78) that G = Qr2. 0 
To treat G = Z4 and G = Qs cases, the method of considering successive quo- 
tients as used in Proposition 3, will be combined with the analysis of singula- 
rities arising at each stage. We obtain Propositions 6,7 and Corollary 8 com- 
pleting the existence results for all possible G. 
Proposition 6. Any generalized Kummer surface AG with G = 24 admits some K3 
surface Xas a rational cyclic cover of degree 4 and thus induces on Xa generalized 
Shioda-Znose structure with group Z4. 
Proof. Given A and Z4 2 (a), the Kummer surface AZ, contains six Al curves 
and four A3 configurations. Al curves arise from the six pairs of fixed points on 
A with stabilizer group Z2 g (cr2) and A3 configurations are due to the four 
536 
fixed points pi, 1 5 i I 4 on A with stabilizer group g (a). We take X to be a K3 
surface admitting Shioda-Inose structure with group Z2 E {g2) induced from 
A ([6-S], Lemma 2). By definition, the minimal resolution of X/Z, is AZ, 
which contains sixteen Al curves corresponding to the sixteen fixed points of a2 
on A. 
We claim that the natural action of (5) g (~)/(a~) on AZ, gives the required 
Z4 action on X, via the rational covering map X + Az2. To see this, we look at 
the action of (a) on AZ, around the four A1 curves arising from the fixed points 
pi under the action of c2 on A. As eachpi is fixed by 9 it is clear that (F) induces 
a degree two map of each of these Al onto itself with necessarily two fixed 
points, by Riemann-Hurwitz formula. Thus the action of (a) on AZ, has eight 
fixed points which lie in pairs on these four Al curves. It follows that the re- 
solution of the quotient of AZ, by this action is isomorphic to AZ,. Therefore 
the K3 surface X is a Galois cover of degree four of the Kummer surface AZ, 
and since the resolution of the singularities of the quotient of X has 6A1 + 4A3 
configuration, the Galois group is necessarily Z4 (cf. [Xl, p. 78). q 
Proposition 7. Let A be an abeiian surface with Qg action yielding a generalized 
Kummer surface. Then there exists a K3 surface X which admits a Shioda-Inose 
structure with group Qg, inducedfrom A. 
Proof. The proof follows the same pattern as that of Proposition 6, with some 
modifications. 
We take Zz Q Q8 and a K3 surface X with classical Shioda-Inose structure 
induced from A ([O-S], Lemma 2). Under the action of Qg, A has 16 fixed 
points. 12 of these fixed points have stabilizer group Z2 and hence give rise to 
three Al curves on AQ~ and thk remaining four fixed points (those with stabi- 
lizer group Q8) give rise to four D4 configurations. The action of Qg/Z2 E Z2 x 
Z2 on A/Z, induces a rational covering map Az, -+ AQ~ of degree four, hence 
we get a rational Galois covering X + AQ* of degree eight. As this covering 
map induces A1 + 404 configurations on AQ*, it follows that the covering group 
is Q8 ([Xl, P. 79). Cl 
Corollary 8. Let A be an abelian surface with G = T24 action yielding a general- 
ized Kummer surface, and X be a K3 surface admitting a Shioda-Inose structure 
inducedfrom A with group Q8. Then Xadmits a Shioda-Inose structure with group 
G = T24. 
Proof. This follows from Proposition 3, because among groups of order 24 
which act symplectically on K3 surfaces, T24 is the unique group having a nor- 
mal subgroup isomorphic to Q8 ([Xl, p. 79). 0 
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